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Abstract 

ly-^ , We study vrr/ scattering in a model which starts from the tree diagrams of 

a non-hnear chiral Lagrangian including appropriate resonances. Previously, 

models of this type were applied to vrvr and ttK scattering and were seen 

Q\ • to require the existence of light scalar cr(560) and k(900) mesons and to be 

^ ' consistent with the /o(980). The present calculation extends this to include 

I ' the ao(980), thereby completing a possible nonet of light scalars, all "seen" 

Q ' in the same manner. We note that, at the initial level, the nrj channel is 



considerably cleaner than the vrvr and ttK channels for the study of light 
scalars. This is because the large competing effects of vector meson exchange 
and "current-algebra" contact terms are absent. The simplicity of this channel 
enables us to demonstrate the closeness of our exactly crossing symmetric 
amplitude to a related exactly unitary amplitude. The calculation is also 
extended to higher energies in order to let us discuss the role played by the 
ao(1450) resonance. 
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I. INTRODUCTION 

In the last few years there has been a revival of interest in the lowest-lying scalar mesons. 
Various authors |1[]- [^ have debated evidence that their masses lie below 1 GeV and do not 
fit the pattern expected if they were conventional qq states in the quark model. This question 
has also stimulated investigations of meson-meson scattering, where these particles should 
be "seen" and which anyway is one of the classical problems of elementary particle physics. 
Now it is accepted that the solution to this problem should look like chiral perturbation 
theory very close to the meson-meson scattering threshold. But when one moves away from 
threshold into the resonance region, this essentially polynomial fit to the scattering amplitude 
requires many higher order terms and is practically difficult to implement. An alternative 
approach which is the stimulus for the present work, involves retaining chiral symmetry but 
using a resonance rather than a polynomial basis for the scattering amplitude. This will not 
be as accurate near threshold but may be expected to give a simple reasonable picture in the 
energies up to the 1 GeV region. The — approximation to QCD [^ provides a motivation 
but not a strict proof of this method. Recently it has been applied to vrvr scattering , txK 
scattering and to rj' — > rj-rn: decays |0. A light scalar-isoscalar - o"(560) - and a light 
scalar-isospinor - k(900) - were found to be necessary to fit the vrvr and ttK scattering data. 
The known /o(980) was also included as a direct channel resonance in the vrvr case and the 
known ao(980) was observed to play an important role in the rj' — > r^vrvr decay processes. 
In the present paper we directly investigate the vr?] scattering process which is expected 
to feature the ao(980) as well as the higher scalar isovector ao(1450). We are employing 
the same method as in the previous treatments in the hope of checking the validity and 
improving our understanding of the approach. 

As before, the amplitude will be constructed from a chiral invariant Lagrangian treated 
at tree level but "regularized" near the direct channel poles. The regularization will be 
regarded as restoring unitarity in the vicinity of the poles. The resulting amplitude starts out 
crossing symmetric but not exactly unitary. The burden of the method is to approximately 
satisfy unitarity as well as crossing symmetry. It seems reasonable to include in the effective 
Lagrangian all resonances in the range up to the maximum energy of interest. We follow 
this rule up to about 1 GeV but, for simplicity, only keep the clearly relevant direct channel 
pole ao(1450) above this energy. 

The vrr/ scattering actually does turn out to contain some interesting differences from the 
TTTT and T^K cases. In those cases the direct poles cr(560) and k(900) had to have a modified 
Breit-Wigner shape, with an extra parameter, in order to fit the experimental data. This is 



not unreasonable since these resonances appear in direct competition with the large "current- 
algebra" contact terms, as well as strong vector meson exchange contributions, and thus do 
not dominate their own channels. As already seen in the discussion of 77' -^ rjinr decay 
0, vector meson exchanges and "current algebra" contact terms do not contribute to nr) 
scattering in the elastic region. Thus it is appropriate to use the ordinary Breit-Wigner 
unitarization for the ao(980). 

In Section 11 we give our notation for the scattering problem and treat irr] scattering in 
the region where the elastic approximation seems reasonable. This leads to a description 
of the ao(980) which is consistent with recent experimental data ||2^. Section 111 contains 



a discussion of the problem of unitarizing the I = J = partial wave amplitude and a 
comparison of the unitary amplitude with our crossing symmetric one. In Section IV the 
TTf] channel is discussed in the inelastic region, up to about 1.6 GeV, which contains the 
ao(1450) resonance. The model was simplified by leaving out a number of higher mass 
resonance crossed-channel exchanges. A start on the more involved problem of including 
other channels is made in Section V. Multi-channel unitarity is checked for the simplified 
model. A brief summary and directions for further work are given in Section VI. Appendix 
A gives our chiral Lagrangian and numerical parameters, while Appendix B shows the elastic 
I = J = TTT] partial wave amplitude to interested readers. 

II. ELASTIC nr] -^ ttt] SCATTERING AMPLITUDE 

We now discuss nr] scattering in a similar way to that previously employed for vrvr and 
71 K scattering. In this section we limit attention to the energy range (up to roughly 1.2 
GeV) where the elastic approximation seems at least qualitatively reasonable. 

The amplitude, as in the previous treatments, will be obtained from the tree graphs of 
the chiral Lagrangian of pseudoscalars, vectors and scalars given in Appendix A. This is 
motivated by the large N^ approximation to QCD. As is well known experimentally, the low 
energy nr] scattering is dominated by the ao(980) scalar resonance. 

In detail the nr] scattering turns out to be much simpler than the vrvr and nK p,0 cases. 
In those examples the leading contributions near threshold were due to the so-called current 
algebra contact term (from the first term of Eq. ( [A6[ )) and the terms associated with vector 
meson exchange. It is easy to see, using G-parity and isospin conservation, that there are 
no vector meson exchanges possible for nr] -^ nr] scattering at tree level. Similarly the 
pseudoscalar contact contribution (first term of Eq. ([A^)) which has the same structure as 
the vector meson exchange contribution, vanishes identically for nr] scattering. 
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FIG. 1. Feynman diagrams representing the contributions to the tti] —>■ ttt] 
scattering amphtude of scalar mesons cr(560) and /o(980), (a), ao(980) in the 
u-channel, (b) and in the s-channel (c). 



Thus, considering at first only exchanges of particles less than about 1 GeV in mass, 
restricts us to the scalar mesons. This process then provides a very clean channel for 
studying the scalar meson properties. Feynman diagrams, representing the contribution of 
the scalar mesons to the scattering amplitude, are shown in Fig. |I|. The tree level invariant 
amplitude is then simply 
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(2.1) 



Here s, t and u are the usual Mandelstam variables. The 7's, scalar -^ pseudoscalar- 
pseudoscalar coupling constants, were numerically determined in previous papers f^-^. Fi- 
nally, the last term in Eq. (|2.1|) is a small correction which arises from the pseudoscalar 
symmetry breaker of Eq. ( |A12D and involves the rj — rj' mixing angle dp. Numerical values 
of this and other relevant parameters are listed in Appendix A. Note that the momentum 
dependences in the numerators of the scalar exchange diagrams originate from the chiral 
symmetric interaction of Eq. ( |A9|) . 

The structure of this amplitude is similar to that for the decay process 77' -^ tj-k-k. It was 
found that an appropriate choice of the parameters C and D in Eq. ( |A^ ) was able to 



explain the Dalitz plot and overall rate for the decay process {A and B had previously been 
found from vrvr and ttK scattering |^). 

An important check of the amplitude is that it obeys the general crossing symmetry 
relation: 

A^ri{s,t,u) = A^ri{u,t,s). (2.2) 

While this maps the physical ttt] scattering region to an unphysical one, it is a restriction 
on the analytic form of A-j^ri {s, t, u). 

Of course, as written, Eq. ( p.l|) cannot be meaningfully compared with experiment for 
a range of energy beyond 1 GeV because there is a physical divergence at s = 771^^^ . A usual 
way to handle this problem is to "regularize" the expression by making the substitution: 

(2.3) 
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where the 9 function guarantees that there is no imaginary part below threshold. A simi- 
lar substitution for 1/ im?^^ ^"^j which maintains crossing symmetry (Eq. (|2.2|) ) gives no 
imaginary piece since u < {m^ — m^) in the physical scattering region. The quantity G'^^ 
in the elastic approximation is interpreted as the decay rate for ao(980) -^ Tcr]: 

r (ao ^ 7Tv) = 32^^2 ^Lvi'^lo -^l- ^if^ (2-4) 

where p.^- is the final pion's momentum in the ao rest frame. Analysis of the 77' -^ tj-kit 
process fixed F (ao — > vrr^) k, 65 MeV while in the same model (see end of section IV of 
IP) it was estimated that F (ao -^ KK) ^ 5 MeV. Thus the elastic approximation for Tcq 
scattering seems not too bad even slightly beyond the KK threshold. The effect of this 
small inelasticity is taken into account by using G'^^ ~ 70 MeV rather than 65 MeV. 

To go further in the analysis it is important to discuss the unitarity constraint on the 
scattering amplitude. This is conveniently done with the aid of the partial wave projections. 
Since we are dealing with ttt] scattering the projection will always leave us in the 1=1 channel 
(all of TT+r], 7c~ri and tt^i] have the same amplitude). Considering a more general case for 
later use, the desired angular momentum / partial wave amplitude is given by: 

Tab;l{s) = \/Pa{s)pb{s) dcOs6 Pl{cOs6) Aab{s,t,u), (2.5) 

where 6 is the center of mass scattering angle and 

IbTTy/S 



with qa{s) the center of mass inomentum for channel a, containing particles ai and 02: 

2 _ g' + {ml^ - ml^y - 2s (ml^ + mgj 

Aab{s,t,u) stands for the invariant amplitude for channel a — *> channel b. The two-body 
channels of interest are denoted 1 = nr], 2 = KK and 3 = ttt]'. For the elastic region, of 
course, An is given by A^^j in Eq- (^3)- 

The partial wave amplitudes Tab;i are related to the S-matrix elements by 

Sab;l = ^ab + 2iTab-l, (2.8) 

which satisfy (in the two-particle channel dominance approximation) the unitarity formula 

z2^<^b;lS*b-i = Sac- (2.9) 

b 

Since the S-matrix is unitary, \Sab-i\ < 1 for each of its entries and so obviously Re{Sab-i) < 1 
and lm.{Sab;i) < 1- This leads to the very important unitarity bounds on the real and 
imaginary parts of the partial wave amplitudes: 

Tab-l = Rab-l + ilab;h 
\Rab;l\ < -, 

14^1 <^(l + M- (2.10) 

Usually, if one focuses on the 1 — > 1 channel, the standard parameterization of ^n is 

Sua = Vie'''', (2.11) 

where < r^; < 1 is the elasticity parameter and 6i is the phase shift, in this case for ni] —>■ nr) 
scattering. 

In the present case it is interesting to check the unitarity bound for the important / = 
partial wave amplitude. For simplicity we drop all subscripts and denote Tu-q —>■ R{s)+il{s). 
It is straightforward to carry out the integration in Eq. ( |2.5| ). The results are shown in 
Appendix B. A plot of R{s) up to ^/s = 1.6 GeV, based on taking the / = partial wave 
projection of Eq. (|2.1|) with the regularization of Eq. (p.3|) is presented in Fig. ||. We 
notice that the unitarity bound |-R(s)| < - is satisfied. This is not trivial as the plots of 
the individual Feynman diagram contributions in Fig. |^ illustrate. The s-channel graph 
contribution violates unitarity by itself but the a and other exchanges act to restore the 
bound. Nevertheless, the s-channel graph contribution is clearly the dominant one. 
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FIG. 2. Plot of the real part of the / = partial wave projection of Eq. ( |2.1|) 
with the regularization of Eq. (|2.3|). 
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FIG. 3. Individual contributions to R{s) computed as for Fig. ^. 



All in all, the essentially zero parameter prediction shown in Fig. |^ seems reasonable. 
Of course, satisfying the unitarity bound is a necessary rather than a sufficient condition for 
unitarity. To go further one may take different points of view. The simplest is to consider 
that our prediction is most accurate and just given for the real part of the amplitude. The 
motivation for this is that the tree graph approximation is purely real. Imaginary parts are 
introduced Q as regularizations like Eq. ( |2.3| ) in the vicinity of the resonance and may be 
regarded as (formally small) higher order effects. If we then choose to regard only R{s) as 
predicted, we can satisfy unitarity by solving the unitarity formula 15*1 = |?7|, which reads 
explicitly 

2 



R\s) + 



lis) - - 
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r]{s) 



(2.12) 



for I{s). The elasticity factor ri{s) may be taken to be approximately one. This procedure 
does not exactly solve the problem of finding an amplitude which satisfies both crossing 
symmetry and unitarity. While R{s) coincides with the real part of the / = projection of 
the crossing symmetric Eq. ( p.l|) , I{s) obtained from Eq. ( |2.12| ) above does not coincide 



with the imaginary part of this projection. We note that the problem of constructing an 
invariant amplitude satisfying both crossing symmetry (Eq. ( p.2|) ) and unitarity (Eq. (|2.12| )) 
for all its partial wave projections is an ancient and difficult one. 

III. MORE ON UNITARITY 

In the preceding section we started from the crossing symmetric invariant amplitude Eq. 
( p.l| ) and regularized it according to the crossing symmetric prescription Eq. ( |2.3| ). There 
was no guarantee that its / = partial wave projection would be unitary or even satisfy the 
unitarity bounds. Fortunately the real part R did satisfy the unitary bound and we could 
choose an imaginary part / according to Eq. ( |2.12| ) such that partial wave unitarity in the 
/ = channel was satisfied. This was at the expense of crossing symmetry for the imaginary 



part /. To see by how much the original amplitude Eq. (|2.1|) with the regularization Eq. 



]3|) and its own imaginary part (i.e. the pure crossing symmetric case) violates unitarity, 



*In the treatments of vrvr and ttK scattering [^Q the regularizations for the a and k were intro- 
duced as arbitrary parameters which were varied to make R{s) agree with its experimental shape. 
This is very different from the present ao(980) case which does not have the large current algebra 
and vector meson exchange backgrounds which greatly complicate the analysis. 
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FIG. 4. Unitarity of crossing symmetric S-matrix for vrr/ —>■ 7ii] scattering. The 
dashed hne corresponds to the elastic assumption, G'^^ = 65 MeV in Eq. ( p.3|) , 
while the solid line takes some inelasticity into account by setting G'^^ = 70 MeV 
as explained in the text. 



we have plotted IS"! in Fig. ^. It is seen that the unitarity violation in the elastic case 
(dashed line) is not very severe; this is due to the fact that the ao(980) resonance, which is 
approximately of Breit-Wigner shape, dominates. 

If \R{s) I had turned out to be greater than - at some values of s, we would have of course 
been unable to impose unitarity with the above method. It seems interesting to discuss a 
more or less conventional type of unitarization procedure which can be used in such a case. 
This operates at the level of the / = partial wave amplitude. We decompose the S-matrix 
into a piece associated with the Qq resonance pole, Spoie, and a piece associated with the 
remaining "background" terms (t and w-channel exchanges and contact term), Sb- The total 
S-matrix is written as the product 
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1, is obvious. Now, using S = 1 



(3.1) 
2iT yields for the partial 
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For orientation, note that when the background phase 5b vanishes and F (s) is constant, 
this reduces to a pure Breit-Wigner form which is known to be unitary. If 5b = 5b and 
F = F are taken as constants we get the conventional local form [PT| for a narrow resonance 
in a constant background: 

T,oie ^ e^-^ ^ ^"°^. - ■ (3.3) 

As an example of an application of this last formula, we remark that the presence of a 

71" 

light 0" in vrvr scattering produces a background phase 5b ^ — near the /o(980). This 
results in an overall minus sign which converts the resonance peak into a dip. This is the 
same mechanism - the Ramsauer-Townsend effect - which was observed in atomic scattering 



| 3T| a long time ago. 

Returning to the present case of elastic vrr/ scattering in the / = partial wave, we should, 
to get an exactly unitary amplitude, identify in Eq. ( ^.2| ) 

where q is the center of mass momentum. Furthermore, noting that Tb{s) as obtained from 
the partial wave projection of the appropriate terms in Eq. ( p.l|) is purely real, we identify 
5b{s) from: 

hin[25B{s)] = RB{s). (3.5) 

In order that Tg be unitary we must then manufacture an imaginary part from ( p.5|) as 

lB{s) = sin^[5B{s)]. (3.6) 

The amplitude so constructed will satisfy SS* = 1 exactly but is, since among other things 
we have added Ib (s) by hand, expected to violate crossing symmetry. 

To summarize, we compare in Fig. | the real and imaginary parts of the I = projection 
of the crossing symmetric amplitude obtained in section II with the exactly unitary ampli- 
tude just discussed. It is encouraging for the method that the crossing symmetric but not 
exactly unitary amplitude is close to the unitary but not exactly crossing symmetric ampli- 
tude. Reasonably, the difference between the two curves gives a measure of the systematic 
uncertainties in the present method. Of course, there is no guarantee that the true solution 
lies between the two curves. 
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FIG. 5. Comparison of the real and imaginary parts of the exactly crossing 
symmetric amplitude obtained in section II with the exactly unitary amplitude 
obtained in section III. 
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IV. vrr/ SCATTERING IN THE INELASTIC REGION 

Here we give a start on extending the previous analysis to ttt] scattering in the 1.2-1.6 
GeV region, where the effects of inelastic channels, namely ttt] — > KK and ni] -^ tti]', 
are expected to become important. For a full description we should use a coupled three- 
channel approach. According to our initially stated picture we should also include all of 
the resonance multiplets up to about 1.6 GeV as exchange particles. This amounts to a 
fairly large number of resonances f\ (including some whose masses and decay properties are 
not yet firmly established) and suggests that such an ambitious program be postponed. In 
the present paper we shall survey the situation in analogy to an earlier treatment of ttK 
scattering in by concentrating on the ttt] -^ ni] channel. In the 1.2-1.6 GeV region 
the ao(1450) is the only scalar resonance in the direct channel. We shall also compute the 
TTT] — > KK and ttt] -^ ttt]' amplitudes in our model, including the effects of the ao(1450). 
For these off-diagonal transitions we shall be mainly content to check unitarity. 

Our approximation for the nr] -^ in] amplitude up to about 1.6 GeV then consists of the 
sum of the amplitude given in section II and a piece associated with the ao(1450) resonance. 
The piece in section II is the / = partial wave projection of the invariant amplitude in Eq. 
( ^.11 ), regularized according to Eq. ( [2.31 ). This gives an exactly crossing symmetric partial 
wave amplitude which we also saw in section III to be not very different from an exactly 
unitary partial wave amplitude. The regularized invariant amplitude including the ao(1450) 
is taken to be: 

4 m^, -u A m^, - s- irUa'Ttot [a') 

where a' denotes the ao(1450) and the ellipsis stands for the other terms just mentioned. 
The coupling constants are related to the widths by an obvious generalization of Eq. ( ^.41) . 
We have illustrated how to regularize the s-channel pole term as in (|3.3|) so as to maintain 
unitarity near where this term would have blown up. The phase Sa' is evaluated from 

1 



-sm 
2 



2Sa' 



r{s = ml,) , (4.2) 



''^In our treatment we shall first neglect exchanges of the spin two nonet which includes /2(1270), 
02(1320), i^|(1430) and /2(1525). We shall also neglect the isoscalar spin zero resonances /o(1370), 
/o(1500) and /j(1710), whose properties are not yet definitively known. Finally in the ttt] — > KK 
reaction we shall neglect the K*(1410) and i^2(1430) resonances. 
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where R{s) is the real part of the partial wave amplitude due to the background supplied 
by the regularized Eq. ( |2.1| ). We could multiply the u-channel term also by e^**^"' to force 
crossing symmetry. Actually, we see from Fig. 2 that R{s = m?^') i^ ^^^^ ^^ good accuracy 
so this correction is not needed in the present case. Fig. 3 shows that this simplification 
arises because of cooperation between the pole and exchange terms. With 5a' = 0, Eq. ( [4.1|) 
is manifestly crossing symmetric (see the remark after Eq. (|2.3| )). 

Note that Eq. ( ^.1| ) explicitly takes some account of inelasticity since Ttot {a') = 265 ± 13 



MeV ||3^ is not just gotten from the ao(1450) -^ ttt] width as in the generalization of Eq. 



[J) but will be computed as 

Ttot (a) ^ r^^ (a ) + Tkk (« ) + ^nr,' (a) ■ (4.3) 



This corresponds to the assumption that the irrj, KK and titj' decay modes listed in |3^ 
saturate the ao(1450) decay, although that assumption is not yet confirmed experimentally. 
If the experimental ratios [^ 

r 



^^ =0.88 ±0.23 (4.4) 



and 



r 



-^ = 0.35 ±0.16 (4.5) 



are taken together with this assumption we deduce: 

r [ao(1450) ^ TTT^] ?« 119 ± 26 MeV, 



ao(1450) -^ KK 



105 ±36 MeV, 



r [ao(1450) -^ -RTj'] ^ 42 ± 23 MeV. (4.6) 

Actually these three partial widths should be related to each other by flavor SU(3) invariance. 
A best flt, on this assumption, yields the slightly different central values: 

r^u{3) [ao(l450) -^ -Kf]] ^ 155 MeV, 



■pSU(3) 



ao(1450) -^ KK 



86 MeV, 



rsu(3) ^(1450) -^ nri'] ^ 24 MeV. (4.7) 

A more detailed discussion of the ao(1450) decay modes is given in [E^]. 
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FIG. 6. Our prediction for the real part of the in] -^ in] scattering amphtude up 

to 1.6GeV. The case where the decay properties of the ao(1450) are taken from 



Eq. (|4.7| ) is represented by the sohd hne, and may be compared with the case 
using the estimate Eq. ( [4.6|) shown by the dashed hne. 



The real part of the / = partial wave amplitude is plotted up to 1.6 GeV using both 
Eq. (^]6|) and Eq. ( [4.7|) in Fig. |^. We see that these two cases are relatively close[[ Our 
prediction for the real part of the scattering amplitude naturally remains within the allowed 
range of -0.5 to 0.5 (except for a negligible deviation near the location of the ao(980)). 
We have also plotted in Fig. |^ |Tii| = |T (vrr/ -^ nri)\ = \Rii -|-2/ii|. This also is seen to 
satisfy the unitarity bound |Tii| < 1. It thus seems that the ttt] -^ nr] scattering channel 
is remarkably simple in the approximation where the ao(1450) describes the inelastic region 
around 1.5 GeV. The partial wave / = amplitude is obtained as a projection of an exactly 
crossing symmetric invariant amplitude and the unitarity bounds are satisfied. 



•fin subsequent plots we shall continue the same convention where the solid line represents the Eq. 



(4.7) determination and the dashed line represents the Eq. ( |4.6D determination. 
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FIG. 7. Modulus of the ni] -^ nr] scattering amplitude. 



V. OFF-DIAGONAL CHANNELS 



Now we present an initial study of the ttt] -^ KK and tit] -^ in]' reactions in the energy 
range up to about 1.6 GeV. The Feynman diagrams needed to construct the tti] -^ KK 
invariant amplitude in our model are shown in Fig. |^. 

Unlike the preceding irr] —>■ ttt] case, vector meson exchanges and also contact terms 



arising from the first term of Eq. ( [Aq ) are now allowed. The contact contributions to the 
amplitude for A^^^j^f^ {s,t,u) for tt^i] —>■ K^K^ from the first term of Eq. ( |A6| ) ("current- 
algebra" term) together with a piece from the third term of Eq. ( |A6| ) (due to addition of 
vector mesons in a chiral symmetric way) are: 



2s — t — u f cos9p ^ 



1- 



3^, 



2 p2 

pTTTV TV 

Am? 



(5.1) 



The second term in the square bracket (from the vectors) is about 1.6 times the current 
algebra piece so it reverses the sign exactly as in the cases of vrvr and t^K scattering [^0. 
The contact amplitude arising from the pseudoscalar mass splittings in Eq. ([A12| ) is 



— -^ cosOp ^ -^ _ sin6'„mi 



jpiiij^ 



(5.2) 
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FIG. 8. Feynman diagrams representing the contributions to the irr] — * KK 

scattering amphtude of (a) contact terms, (b) and (c) vector mesons, (d) and 
(e) strange scalar k,{900) mesons and (f) ao(980) and ao(1450) mesons. 
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and turns out to be completely negligible. The K*{890) exchange contributions shown in 
(b) and (c) of Fig. 8 are found to be 
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The k(900) exchange contribution ((d) and (e) of Fig. 
arises from the amplitude piece 



turns out to be negligible but 



iKKTT^KKr, {t-ml- m^)(t 
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mz 



+ {t ^ u) . 



(5.4) 



4 m^ — t 

Finally, the s-channel contributions from the ao(980) and ao(1450), shown in (f) of Fig. 
8, are being described by the regularized amplitude 
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'ya^rilaKK (S - '2mj^){s 



mz 
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iniaT^"^ 



(5.5) 



4 m\ — s 

where the sum is over a = ao(980) and ao(1450). The entire amplitude for nri -^ KK is the 
sum of the terms above and is invariant under t ^^ u exchange, as expected from charge 
conjugation invariance. 

To proceed we have taken the projection of the amplitude into the / = partial wave 
using Eq. (|2.5| ). The real parts of the non- negligible individual components are shown in 
Fig. ^. (Notice that the vertical scale has been greatly increased to accomodate the rather 
large individual contributions here). We see that the contact terms are dominant although 
they partially cancel each other. 

The total real part of the nrj —>■ KK partial wave is shown in Fig. 110. Amusingly, all the 
large pieces in Fig. || collaborate with each other to satisfy the unitarity bound up to about 
1.6 GeV. To test this further we included the imaginary parts of the partial wave amplitude, 
due to the regularization introduced in Eq. ( ^.5|) . The plot is shown in Fig. 0. It is seen 
that the stronger unitarity bound |Ti2;o| < - is violated only above 1.5 GeV. 

Finally let us consider the vrr/ —>■ nrj' amplitude. The tree level Feynman diagrams are 
evident modifications of those shown in Fig. 1 for the Tcrj -^ irrj case. We have the regularized 
(due to the ao(980) and ao(1450) poles) tree amplitude 
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FIG. 11. Plot of the magnitude of the / = partial wave amplitude for irr] —* KK. 

where the a-summation goes over ao(980) and ao(1450). The second term is a small contact 
correction due to the pseudoscalar meson mass splittings. The individual contributions to 
the I = partial wave projection of this amplitude are shown in Fig. IT2| while the total / = 



projection is illustrated in Fig. ^. In this case, where the large contact terms are absent, 
the unitarity bound |ReTi3;o| < | is satisfied all the way up to 1.6 GeV. This also holds for 
the stronger bound, |Ti3.o| < |, including the effects of the imaginary part as shown in the 



plot of Fig. |T4[ It is worthwhile to observe that the ao(1450) does not dominate either of 
the off-diagonal Trr] -^ KK or nr] —>■ ttt]' channels. 

Having looked at the individual irr] -^ ttt], tti] -^ KK and ttt] —>■ ni]' channels it is now 
interesting to check the unitarity relation for these 1=0 S-matrix elements 



2_^ Sla;oSla;i 



(5.7) 



on the assumption that the two-particle channels completely saturate the s-wave irrj scat- 
tering at energies up to about 1.6 GeV. Expressing this formula in terms of the T-matrix 
elements suggests that we examine the deviation. 
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which should vanish if Eq. 



holds. This is plotted in Fig. 15. 
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FIG. 14. Plot of the magnitude of the / = partial wave amplitude for tti] -^ ttt]'. 

It is seen that our simple model yields, up until about 1.4 GeV, relatively small violations 
of unitarity for the s-wave amplitude. This state of affairs was obtained by projecting out 
the / = wave of an invariant amplitude which is exactly crossing symmetric. Thus the 
relative simplicity of tti] scattering enables one to come closer to obtaining an amplitude 
which is both crossing symmetric and unitary. 

The larger violation of unitarity above 1.4 GeV can be seen to arise from the violation 
of the unitarity bounds already noticed in the ttt] -^ KK amplitude (see Fig. |TT]). In turn 
this can be traced to the relatively large contact and vector meson terms which contribute 
to this particular off-diagonal process. This is in contrast to the vrr/ -^ ttt] and vrr/ -^ tti]' 
amplitudes for which the potentially large current algebra and vector meson terms were seen 
to vanish. Of course the large current algebra and vector meson pieces were very important 
in previous discussions of the tttt and ttK scatterings. In this sense, since they only enter 
through the "back door" of an off-diagonal channel for -ki] scattering, the nr] scattering is 
effectively simpler to treat in our model. 

Here, as mentioned above, we have just made an initial exploration of the coupled- channel 
TTI] scattering problem. A fuller treatment would include the exchanges of spin 2 and other 
higher mass resonances and also scattering processes having KK and ttt]' initial states. For 
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FIG. 15. Plot of A, the deviation from unitarity for nr] scattering for / 
channel. A = for exact unitarity. 
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example important contributions in the KK case may be expected from the ii'*(1410). 

VI. DISCUSSION 

We studied Tirj scattering in a model where the starting amplitude was computed at tree 
level from a phenomenological chiral Lagrangian containing exchanges of resonances having 
masses within the energy range of interest. Divergences at the direct channel poles were 
regularized in a conventional manner. Previously this method was applied to vrvr scattering 
and TxK scattering; consistency required the existence of (j(560) and /t;(900) scalar resonances. 
From that work and also from a related study of rj' —>■ tj-k-k decay, all the light scalar- 
pseudoscalar-pseudoscalar coupling constants were determined. These were used without 
change in the present work, which essentially involves no new parameters. 

We first examined the roughly elastic region (up to about 1.2 GeV) which is dominated 
by the ao(980) resonance. It is noteworthy that neither vector mesons nor large "current 
algebra" contact terms can contribute in this region, unlike the vrvr and ttK cases. The non- 
trivial contributions all arise from light scalar meson exchanges. Thus vrr/ scattering seems 
an excellent channel for learning more about these resonances which are of great current 
interest. Our model in section II was exactly crossing symmetric, but not exactly unitary. 
To see why that model which features an ao(980) with mass and width consistent with the 
experimental values is not automatically unitary we note the following two points: First, 
the amplitude is more general than a pure Breit-Wigner pole for the ao(980) s-channel since 
a and /o t-channel exchanges and ao(980) u-channel exchange also exist. Furthermore chiral 
symmetry dictates a non-trivial momentum dependence of the coupling factors. 

To further investigate this question we constructed (in Section III) a related partial wave 
amplitude which we made unitary without regard for crossing symmetry. A comparison of 
the unitary and the crossing symmetric amplitudes showed that they were in fact close; the 
difference between them gives an estimate of the uncertainty of our approach. 

It is encouraging to us that treating the ao(980) in vr?] scattering by the same method as 
used in earlier discussions of vrvr scattering (in which a cr(560) and the /o(980) appeared) and 
TiK scattering (in which a k(900) was needed) seems to be reasonable. Now, all the members 
of a possible low-lying scalar nonet have been studied through their appearance in meson- 
meson scattering. Of course, many questions remain. One concerns the "family" structure 
of such a possible nonet; we have discussed some speculations on this aspect elsewhere 



,27]. From the present viewpoint, the most important aspect concerns improving our 



understanding of the meson-meson chiral scattering amplitude. Clearly, one way to proceed 
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is to examine the model at higher energies. 

We thus made a prehminary exploration in section IV of the nearby inelastic region 
(roughly 1 — 1.5 GeV). This range features the ao(1450) scalar resonance. It turns out 
that the earlier terms produce essentially zero background interference at the position of 
the ao(1450). Thus, it is natural to add this particle into the picture directly, yielding a 
crossing symmetric amplitude. This amplitude was seen to satisfy the unitarity bounds 
when the effects of inelasticity were incorporated in the regularization of the ao(1450) pole. 
The incomplete experimental data on the ao(1450) branching ratios were interpreted with 
the aid of a simple model. Similar preliminary discussions were given for the ttt] -^ KK and 
-KT] -^ TTf]' off-diagonal processes. An additional complication showed up in the ttt] -^ KK 
case. Here the vector meson K* exchange and a large current algebra contact term both 
contribute as in the vrvr and ttK scatterings. Nevertheless it was found that the exactly 
crossing symmetric amplitudes for ttt] —^ ttt], KK and tti]' satisfied the unitarity relation 
amongst themselves to a reasonable accuracy until about 1.4 GeV. 

There are many interesting directions for future work. Clearly a full 3-channel analysis 
and investigation of various alternative unitarization schemes is suggested. Inclusion of 
the many resonances in the 1 — 1.5 GeV range which can be exchanged is also desirable. 
Especially interesting are the effects of the isoscalar scalars in this energy regime. Together 
with parallel expanded treatments of the vrvr and ttK cases we may hope to learn about a 
second possible scalar nonet containing the ao(1450) and -^"0(1430). The knowledge of the 
scalar coupling constants obtained from refined analyses can be useful in the treatment of 
other physical processes. The recently measured radiative decay 0(1020) -^ ao(980) + 7 
is especially important. 

ACKNOWLEDGMENTS 

We would like to thank Francesco Sannino for helpful discussions. The work has been 
supported in part by the US DOE under contract DE-FG-02-85ER 40231. 

APPENDIX A: CHIRAL LAGRANGIAN 

First we write the chiral Lagrangian of pseudoscalars and vectors. This makes use of the 
3x3 matrix U = e ^^ wherein represents the usual 3x3 matrix of pseudoscalar fields. 
Defining the square root ^ by t/ = ^^ we consider the combinations 
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P, = l {^d,^^ - e^^.e 



2 
i 



v.. = ^ {^d,e + eo,^) . (Al) 



Under a chiral transformation U -^ UiJJUl^, ^ transforms as: 

i^UUK\<P,UuU^) = K{ct),UuU^)iUl (A2) 

which defines K^cf), Ui,, ?7r). A vector meson nonet p^ transforms as a gauge field 



% 



Similarly 



while 



p, ^ Kp^K^ + ^Kd^Kl (A3) 

9 



v^ ^ Kv^K^ + iKd^K\ (A4) 



p^ ^ Kp,K\ (A5) 



The chiral invariant (neglecting quark mass induced terms) Langrangian of pseudoscalars 
and vectors may then be written as 

£. = -f T. (a,ra,.i7.) - It. [fmfAp)] - i™?T. (p, - fj _ !!|? (i^i^)', 

(A6) 

where F^^ = d^py — d^p^ — ig[p^,py] is the vector meson gauge field strength. F^, = 0.131 
GeV is the pion decay constant, g is the vector meson gauge coupling constant and mo is a 
mass for the unmixed rj' field, g is related to the p meson width by 

r(p-^^) = f|;| ' ^P^^ = ^-8-56 (A7) 

and nip = 0.77 GeV. g^ is the pion momentum in the rest frame of the decaying p meson. 
The last term in Eq. (|A6|) reflects the U (1)^ anomaly in QCD and allows the t]' particle to 
have a suitably large mass. We take m^ = 0.137 GeV, mx = 0.496 GeV, m,, = 0.547 GeV, 
m^. = 0.958 GeV and mx* = 0.890 GeV. 

Next consider the chiral invariant Lagrangian involving the scalar nonet field A^. We 
note |52I] that A^ may be taken to transform as 



N -^ KNKl (A8) 
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Then it is clear that 

£ = -^Tr {V^NV^N) - aTr {NN) - cTr (iV) Tr (iV) + F^ [^e^'^e^e/iVa (PA^)6(PA<)f 
+ BTi (iV) Tr (p^p^) + CTr (iVp^) Tr (p^) + DTr (iV) Tr (p^) Tr (p^)] , (A9) 

where V = d^ — iv^, is chirally invariant. The couphng constants describing scalar — >■ 
pseudoscalar + pseudoscalar are given in terms of the coefficients A, B, C and D; these 
were determined from vrvr scattering, nK scattering and t]' -^ rjim decay in P,^. As an 
explicit example of a coupling constant describing a trilinear interaction among isomultiplets 
extracted from Eq. ( |A9|) consider 

- ^N<p<j> = -^ (O^Kt ■ d^TZK + /i.e.) + ..., (AlO) 

which yields the identification ''j^.k-k = —2^4. The other terms in this isotopic spin decompo- 
sition are also given in |^. 

Symmetry breaking terms must still be added. These involve the "spurion" matrix 

A^ = diag(l,l,x) (All) 

where x ~ 20.5 |3^ is the strange to nonstrange quark mass ratio. Pseudoscalar mass terms 



are propotional to 

Tr (UM^) + /i.e., (A12) 

vector mass splitting terms are contained in a term 



Tr 



^''M^i-gp^ - v^f] + h.c. (A13) 



and finally scalar meson mass splittings are contained in: 

- -Tr (NN^'^Mi'^) + -Tr (A^) Tr (N^'^Mi'^) + h.c. (A14) 

A detailed discussion of the scalar meson mass terms and the determination of the 
parameters a, 6, e and d was given in p. 

The main effects of these mass splitting terms are to give each particle its correct ex- 
perimental mass and to accomodate mixing between particles of the same spin-parity and 
isospin. Our conventions for the t] — rj' and a — a' mixing are: 

r^\f cos9, -sin^, \ U<P\ + 0^)/ v^ ' 
7]' J y sin6'p cos6'p y y ^g 
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and 




cos^s —sin6 




(A16) 



The asymmetry in these two definitions reflects the prejudice that in the ideal mixing 
hmit (zero mixing angle) the heaviest pseudoscalar rj' is identifled as 03 while the lightest 
scalar a is identified as N^. We choose the conventional value dp = 37° and a value dg = 
—20.3° as discussed in Pj. This corresponds to the scalar meson masses (needed to explain 
TTTT and ttK scattering in our model): 



m„ 



550 MeV , m/„ = 980 MeV 



rriao = 983.5 MeV , m^ = 897 MeV. 



(A17) 



We take the heavier scalar isovector to have a mass given by ||3^, namely r?7,[ao(1450)] = 
1.474 GeV. The coupling constants for the light scalars to two pseudoscalars relevant for the 
present paper are (in units of GeV~^) PJ^: 



lawTT = 7.27 , -fann = 4.11 , 7^,,^ = 2.65 
T/oTTTT = 1-47 , 7/0^^ = 1.72 , -ffgrjr,' = -9.01 



7, 



aoTTT] 



6-80 , -faoKK = -5.02 , 7^0^, 



aoTTT)' 



-7.80 



IkKti 



-5.02, 7,;^^ = -0.94 



(A18) 



APPENDIX B: PARTIAL WAVE PROJECTION OF vrr? -^ vrr? ELASTIC 

AMPLITUDE 

The s-wave projections of the invariant amplitudes represented in Fig. [l| are calculated 
from the / = and a = h = 1 case of Eq. ( |2.5| ). The direct channel s-wave amplitude is: 

Pis)^^ ^ ^ J\, '\ —, (Bl) 



rps— channel ^z" o^ ''^O""'? 

-'ll;0 



mt, - s- imaoG'^^6 






s - (m„ + m^) 



where p{s) = Pi(s) in the notation of Eq. ( p.6|) for channel 1 {nrj -^ Trr]). The projection of 
the t-channel amplitude of Fig. |I](a) is: 

7-1 



ijit— channel, r 
-'ll;0 



p{s)q 
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2a -47+ 07-^-27^ In 



7 + 1 



(B2) 



where g^ is the center of mass momentum and 
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a = 2- 



ml + m^ + 2g2 



P^2- 



[ml + g2) (ml + q") _ ml + 2q 



1 = 



(B3) 



g^ q'* 2g2 

Here there is one term with r = a and another with r = /o(980). Finally, the / = projection 
of the ao(980) u-channel exchange amplitude is: 

2 



rpu— channel 
-'ll;0 



p{s)q 



2lanri 



2B + AC + C^\n 



5 + 1 



5-1 



where 



^=2? 



ni^-m^-m^ + 2^ml + q^Jm^ + g^ 



m^ + q^^^|mf^ + g 



(B4) 



- C. (B5) 
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